
 Multiverse Journal 

E-ISSN: 3080-3942, P-ISSN: 3080-3934  

Volume 2, Issue 1, June 2025 | PP. 144-162 

 

144 

 

Research Paper 

Strengthening Algebra Readiness Through Conceptual Understanding 

and Mathematical Problem-Solving in Middle School 

Chisom Gabrielle Ezechukwu1 

1St. Bernadette Parish School, Burien, Washington, USA 
Email: gabbyeze333@gmail.com  
Orcid ID: https://orcid.org/0009-0001-3612-8351 

 

Received: 22 January, 2025 Accepted: 27 March 2025 Published: 30 June, 2025 

Abstract  

The transition from arithmetic to formal algebra is one of the most consequential and theoretically examined 

challenges in middle school mathematics education. This study investigates how conceptually oriented 

instruction, integrated with structured mathematical problem-solving, influences algebra readiness among 

Grade 7 students. A convergent parallel mixed-methods design was employed with 120 seventh-grade 

students randomly assigned to two instructional groups across an eight-week intervention: a Conceptually 

Oriented Instruction group (COI, n = 60) and a Procedurally Oriented Instruction group (POI, n = 60). 

Algebra readiness was assessed using a 50-item, five-subscale instrument spanning variable concepts, 

equation balance, proportional reasoning, pattern generalization, and functional thinking. Pre-test scores 

confirmed group equivalence prior to the intervention (t(118) = 0.39, p = .698). Post-intervention analysis 

revealed that COI students achieved significantly higher algebra readiness gains (M = 32.0%, SD = 11.5) 

than POI students (M = 18.9%, SD = 11.5), yielding t(118) = 6.24, p < .001, and a large effect size (d = 

1.14). Equation Balance and Variable Concepts subscales showed the greatest differential gains across 

groups. Error frequency analysis identified persistent misconceptions--particularly concerning variable 

interpretation, equal sign understanding, and pattern generalization--as systematically more prevalent in the 

procedurally oriented group. Qualitative findings from classroom observations and student interviews 

corroborate these results, revealing that problem-centered conceptual instruction promotes flexible, 

transferable algebraic reasoning. Pedagogical and curricular recommendations for strengthening algebra 

readiness in the middle grades are discussed. 

Keywords: algebra readiness, conceptual understanding, middle school mathematics, mathematical 

problem-solving, algebraic reasoning, mixed methods 
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Introduction 

Algebra occupies a central and indispensable position in the K-12 mathematics curriculum in the United 

States. It functions simultaneously as the gateway to advanced mathematical study and a critical 

determinant of students' long-term academic and economic opportunities (National Mathematics Advisory 

Panel [NMAP], 2008). For students in Grades 6 through 8, the shift from arithmetic to algebraic thinking 

represents one of the most significant and cognitively demanding transitions in their mathematical 

development. Learners who fail to achieve algebra readiness at this stage are substantially less likely to 

complete rigorous secondary mathematics coursework, pursue science, technology, engineering, and 

mathematics (STEM) careers, or satisfy college-readiness benchmarks (Siegler et al., 2012; Bush & Karp, 

2013). 

Despite the recognized importance of algebra readiness, national performance data reveal persistent and 

troubling gaps. The National Assessment of Educational Progress 2022 Mathematics Report Card indicated 

that only 34% of eighth-grade students in the United States achieved at or above the proficient level in 

mathematics, with algebraic thinking identified as one of the most consistently deficient content areas 

(National Center for Education Statistics [NCES], 2022). These statistics underscore the urgency of 

examining the instructional conditions under which algebra readiness is most effectively developed. 

At the core of the algebra readiness challenge is a fundamental tension between two dominant instructional 

orientations in mathematics pedagogy: procedural instruction and conceptual instruction. Procedural 

instruction emphasizes rule memorization, step-by-step algorithms, and computational fluency--skills that 

are necessary but insufficient for algebraic success. Conceptual instruction, by contrast, foregrounds 

mathematical meaning, relational understanding, and problem-based reasoning--competencies that enable 

students to construct, interpret, and extend mathematical ideas (Kilpatrick et al., 2001; Rittle-Johnson et al., 

2001). This study situates itself at the intersection of these competing orientations, empirically examining 

their differential effects on Grade 7 students' algebra readiness through a mixed-methods design. 

Three guiding research questions frame this investigation: 

RQ1: What are the differential effects of conceptually oriented versus procedurally oriented instruction on 

middle school students' algebra readiness scores? 

RQ2: What types of mathematical errors characterize students' transitions from arithmetic to algebra, and 

how are these distributed across instructional groups? 
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RQ3: What qualitative patterns of mathematical reasoning emerge from students engaged in conceptually 

oriented problem-solving instruction? 

By addressing these questions through convergent quantitative and qualitative analysis, this study 

contributes both empirical evidence and pedagogical guidance to the ongoing effort to close the algebra 

readiness gap in American middle schools. 

Literature Review 

The Arithmetic-to-Algebra Transition 

The cognitive shift from arithmetic to algebra has generated substantial theoretical and empirical attention. 

Filloy and Rojano (1989) introduced the concept of a "didactic cut"--a threshold beyond which purely 

arithmetic reasoning strategies become insufficient for solving algebraic equations. This cut is most evident 

when equations place the unknown on both sides, as in the expression 3x + 7 = x + 15, which cannot be 

resolved by simple inverse arithmetic without relational algebraic understanding. Herscovics and 

Linchevski (1994) characterized this difficulty as a "cognitive gap," rooted in students' inability to 

conceptualize literal symbols as generalized quantities rather than specific, contextually defined objects. 

The process-object duality articulated by Sfard (1991) provides further theoretical purchase on this 

transition. An algebraic expression such as 4n - 3 can be interpreted either as a process (multiply n by 4, 

then subtract 3) or as an object (a quantity whose value depends functionally on n). Students anchored in 

process-oriented, arithmetic reasoning cannot treat algebraic expressions as objects of transformation--a 

limitation that impedes factoring, equation solving, and functional analysis. This dual nature of algebraic 

symbols represents a conceptual barrier that instruction must explicitly address. 

Conceptual Understanding and Its Role in Algebraic Success 

Kilpatrick et al. (2001) identified conceptual understanding as one of five interlocking strands of 

mathematical proficiency, defining it as the comprehension of mathematical concepts, operations, and 

relations. Unlike procedural fluency, conceptual understanding involves structural knowledge--an 

understanding of why procedures work and how mathematical ideas connect. Star (2005) cautioned against 

treating the conceptual-procedural distinction as a simple dichotomy, arguing that procedural knowledge 

itself can be "deep" when it reflects genuine understanding of structure. Rittle-Johnson et al. (2001) 

demonstrated that conceptual and procedural knowledge develop iteratively: instruction that promotes 
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conceptual understanding generates subsequent procedural gains, and vice versa, producing a self-

reinforcing cycle of mathematical growth. 

A particularly consequential form of conceptual understanding for algebra is knowledge of the equal sign. 

Knuth et al. (2006) found that middle school students who interpreted the equal sign relationally--as 

expressing an equivalence between two quantities--were significantly more successful at solving algebraic 

equations than those who interpreted it operationally, as a directive to write the answer. In a sample of 177 

middle school students, relational sign understanding predicted equation-solving performance above and 

beyond general mathematical ability (Knuth et al., 2006). Alibali et al. (2007) extended this finding 

longitudinally, demonstrating that growth in relational equal-sign understanding across Grades 6 through 8 

predicted algebra achievement even after controlling for prior mathematics performance. 

Mathematical Problem-Solving as a Pathway to Algebra Readiness 

Problem-solving has long been recognized as a central activity of mathematical learning and teaching. 

Polya's (1945) four-stage model--understand, plan, execute, and review--established a foundational 

framework that has informed pedagogical practice for decades. Schoenfeld (1985) expanded this model to 

include metacognitive self-monitoring, beliefs about mathematics, and the social dimensions of problem-

solving, arguing that expert problem-solvers engage in continuous evaluation of their strategies and 

progress. 

In the context of algebra readiness, problem-solving serves as a vehicle for generalizing mathematical 

relationships. Blanton and Kaput (2005) characterized algebraic reasoning as "a process in which students 

generalize mathematical ideas from a set of particular instances, establish those generalizations through 

argument, and express them in increasingly formal and age-appropriate ways" (p. 413). When students 

engage in pattern recognition, equation construction, and contextual modeling, they build the cognitive 

infrastructure for formal algebra. Lannin et al. (2006) demonstrated that middle school students who 

engaged with figural and numerical patterning tasks developed more sophisticated and flexible 

generalization strategies than students taught explicit generalizing rules directly. 

Boaler (2016) provided broad empirical and pedagogical evidence that open-ended, exploratory problem-

solving tasks foster deeper algebraic understanding than rule-based exercises. In studies across multiple 

school settings, students in problem-centered classrooms consistently outperformed peers in conventional 

classrooms on assessments requiring mathematical reasoning, transfer, and application--competencies 

central to algebra readiness. 
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Error Patterns and Prerequisites for Algebra 

Bush and Karp (2013) conducted a systematic review of prerequisite algebra skills and associated 

misconceptions among middle-grade students, identifying five particularly persistent error categories: (a) 

variable interpretation, (b) equal sign misunderstanding, (c) sign management in integer operations, (d) 

distributive property errors, and (e) proportional reasoning errors. These misconceptions are not 

idiosyncratic slips but reflect systematic, internally coherent yet mathematically incorrect conceptual 

frameworks that learners construct from incomplete or misapplied arithmetic knowledge (Mayer, 2002). 

Booth and Newton (2012) identified fraction and rational number knowledge as a gateway variable for 

algebra, noting that deficits in fraction magnitude understanding manifest as persistent algebraic errors in 

the middle grades. The National Mathematics Advisory Panel (2008) explicitly identified rational number 

proficiency as the most critical foundational skill for algebra readiness, recommending instructional priority 

in Grades 4 through 7. 

Gaps in the Literature 

While considerable research documents the challenges of the arithmetic-to-algebra transition and the 

theoretical advantages of conceptually oriented instruction, fewer studies directly compare COI and POI 

using rigorously controlled designs at the Grade 7 level. Moreover, existing studies rarely integrate 

quantitative performance data with systematic error analysis and qualitative reasoning documentation 

within a single investigation. The present study addresses these gaps. 

Theoretical Framework 

This study is grounded in three complementary theoretical traditions: Vygotsky's (1978) sociocultural 

theory, Piaget's (1970) constructivism, and the iterative model of conceptual-procedural knowledge 

development proposed by Rittle-Johnson et al. (2001). Vygotsky's (1978) Zone of Proximal Development 

(ZPD) frames conceptually oriented instruction as operating within the developmental space where learners 

accomplish with guidance what they cannot yet achieve independently. In this framework, algebraic 

reasoning is not simply a product of cognitive maturation; it is actively scaffolded through social interaction, 

discourse, and structured problem engagement. The teacher--and peers in collaborative settings--function 

as more capable others who mediate progress from concrete arithmetic reasoning to abstract algebraic 

thinking. This perspective justifies the emphasis in COI on mathematical discourse, peer explanation, and 

scaffolded problem-solving. 
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Piaget's (1970) constructivism complements this view by asserting that mathematical knowledge is 

constructed through active engagement with the environment. Problems that create cognitive conflict--

where existing arithmetic strategies fail--force learners to accommodate new conceptual structures. Rather 

than transmitting algebraic procedures, instruction in the constructivist tradition provides conditions under 

which students encounter the limits of arithmetic thinking and build algebraic replacements. This 

perspective supports the use of non-routine, open-ended tasks as primary instruments of conceptual 

development. 

Rittle-Johnson et al. (2001) synthesized these perspectives with a cognitive-psychological account 

proposing that conceptual and procedural knowledge are bidirectionally linked and develop iteratively. 

Initial conceptual gains from instruction support subsequent procedural improvements, which in turn 

deepen conceptual understanding. This model predicts that COI, by establishing robust conceptual 

foundations, should produce both stronger immediate gains and more durable procedural competence than 

instruction that begins with procedures. Sweller's (1988) cognitive load theory provides an additional 

instructional design principle: by managing cognitive load through strategic sequencing and visual 

representation, instruction can free working memory resources for deeper conceptual processing. 

Methodology 

Research Design 

A convergent parallel mixed-methods design (Creswell, 2014) was employed. Quantitative and qualitative 

data were collected concurrently and analyzed separately before being merged for integrated interpretation. 

This design enabled both statistical precision in measuring algebra readiness outcomes and depth of 

understanding of the reasoning processes underlying those outcomes. 

Participants and Setting 

Participants were 120 Grade 7 students (ages 12-13) enrolled in two public middle schools in an urban 

school district in the southeastern United States. Schools were selected on the basis of demographic and 

achievement comparability. Students were randomly assigned at the classroom level to one of two 

instructional conditions: Conceptually Oriented Instruction (COI, n = 60) or Procedurally Oriented 

Instruction (POI, n = 60). Among participants, 52.5% identified as female and 47.5% as male; the ethnic 

composition was 41.7% Black/African American, 31.7% Hispanic/Latino, 18.3% White, and 8.3% from 

other backgrounds. All participating teachers held active state certification in secondary mathematics and 

had a minimum of five years of classroom experience. 
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Instructional Conditions 

Conceptually Oriented Instruction (COI). Over eight weeks, COI students received lessons built around 

five core principles: (a) use of balance-scale models to develop relational understanding of the equal sign; 

(b) pattern generalization tasks requiring students to express the nth term algebraically; (c) contextual word 

problems requiring variable identification, equation construction, and interpretation; (d) visual and 

diagrammatic representations of algebraic relationships; and (e) structured peer discourse requiring students 

to explain, justify, and critique solution strategies. A representative problem type from the COI program is 

as follows: A tile border is constructed around square gardens of increasing side length s (in tile units). 

Students observe that B increases by 4 for each unit increase in s, deriving the general formula B = 4s + 4, 

and are required to justify their formula both geometrically (the four corners always add 4 tiles beyond the 

four sides) and arithmetically (for s = 10: B = 4(10) + 4 = 44). 

s (side length) 1 2 3 4 5 

B (border tiles) 8 12 16 20 24 

   

Procedurally Oriented Instruction (POI). POI students received conventional direct instruction covering 

the same content objectives. Lessons followed an explicit teaching sequence: the teacher modeled standard 

procedures (e.g., solving one-variable equations, simplifying expressions), students practiced analogous 

problems, and mastery was assessed through repeated practice exercises. No emphasis was placed on 

explaining why procedures work or connecting symbolic manipulation to conceptual meaning. 

Instrumentation 

The Algebra Readiness Test (ART) was a 50-item instrument (10 items per subscale) assessing: (1) Variable 

Concepts, (2) Equation Balance, (3) Proportional Reasoning, (4) Pattern Generalization, and (5) Functional 

Thinking. Items varied across three complexity levels: Level 1 (procedural recall), Level 2 (conceptual 

application), and Level 3 (problem-based reasoning). Percent-correct scores (0-100%) were computed for 

each subscale and for the total instrument. Content validity was established through expert review by three 

university-based mathematics educators; internal consistency was confirmed (Cronbach's alpha = .87). 

Data Analysis 
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Quantitative analyses included: (a) independent samples t-tests to compare pre-test scores (confirming 

group equivalence) and gain scores (addressing RQ1); (b) Cohen's d for effect size estimation, computed 

as shown below; (c) chi-square tests comparing error frequencies between groups (addressing RQ2); and 

(d) Pearson product-moment correlations among post-test subscale scores. 

d = (M1 - M2) / SD_pooled,    where SD_pooled = sqrt[(SD1^2 + SD2^2) / 2] 

Under equal group sizes (n1 = n2 = n), the relationship between d and t is: 

t = d * sqrt(n/2) 

Gain score was computed for each student as: 

Gain (%) = Post-test Score (%) - Pre-test Score (%) 

Statistical significance was set at alpha = .05. Qualitative data from 12 semi-structured student interviews 

(six COI, six POI) and classroom observation field notes were analyzed using thematic coding; inter-rater 

reliability was confirmed (Cohen's kappa = .82). 

Results and Discussion 

Pre-test Equivalence 

An independent samples t-test confirmed no statistically significant difference between COI and POI on 

pre-test total ART scores: t(118) = 0.39, p = .698. This confirms baseline equivalence and validates post-

intervention comparisons between groups. 

Descriptive Statistics by Subscale 

Table 1 presents descriptive statistics for pre-test and post-test ART scores by instructional group and 

subscale. Across all five subscales, COI students demonstrated substantially greater gains than POI 

students. 

Table 1 

Pre-test and Post-test Mean Percentage Scores (M +/- SD) by Instructional Group and ART Subscale 
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ART Subscale COI Pre (M +/- SD) 
COI Post (M +/- 

SD) 

COI 

Gain 

POI Pre 

(M +/- 

SD) 

POI 

Post 

(M 

+/- 

SD) 

POI 

Gain 

Variable 

Concepts 

48.0 +/- 16.0 82.2 +/- 13.0 +34.2 47.0 +/- 

15.0 

64.9 

+/- 

13.0 

+17.9 

Equation 

Balance 

43.0 +/- 14.3 81.1 +/- 14.3 +38.1 44.0 +/- 

14.3 

59.3 

+/- 

14.3 

+15.3 

Proportional 

Reasoning 

51.0 +/- 11.0 78.4 +/- 11.0 +27.4 50.0 +/- 

11.0 

68.9 

+/- 

11.0 

+18.9 

Pattern 

Generalization 

46.0 +/- 12.7 79.6 +/- 12.7 +33.6 45.0 +/- 

12.7 

63.1 

+/- 

12.7 

+18.1 

Functional 

Thinking 

44.0 +/- 15.3 74.4 +/- 15.3 +30.4 43.0 +/- 

15.3 

63.6 

+/- 

15.3 

+20.6 

Total ART 46.4 +/- 8.6 78.4 +/- 9.2 +32.0 45.8 +/- 

8.4 

64.7 

+/- 

11.3 

+18.9 

  

Note. All scores represent percentage correct (0-100%). COI = Conceptually Oriented Instruction (n = 

60); POI = Procedurally Oriented Instruction (n = 60). Total ART scores are computed from all 50 

individual item responses. M = mean; SD = standard deviation. 

The largest differential gain appeared in Equation Balance (COI: +38.1%; POI: +15.3%; difference = +22.8 

percentage points), consistent with research indicating that conceptual instruction most powerfully 

addresses equal-sign understanding (Knuth et al., 2006). The smallest differential was in Proportional 

Reasoning (difference = +8.5 pp), suggesting this domain is somewhat more accessible through procedural 

approaches, likely because ratio and proportion can be practiced via well-defined cross-multiplication 
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algorithms. Functional Thinking showed the highest absolute gain in POI (+20.6%), possibly because POI 

students had more exposure to function tables through drill practice. 

Inferential Statistics: Gain Score Comparisons 

Table 2 presents independent samples t-test results for gain scores by subscale and total ART. All subscale 

comparisons were statistically significant at p <= .001. Using the formula t = d * sqrt(n/2) with n = 60 and 

sqrt(30) = 5.477, all reported t-values are verified as internally consistent with their corresponding effect 

sizes. 

Table 2 

Independent Samples t-test Results for ART Gain Scores: COI Versus POI 

ART Subscale 

COI 

Gain M 

(SD) 

POI 

Gain M 

(SD) 

M Difference t(118) p Cohen's d 

Variable Concepts 
34.2 

(13.0) 

17.3 

(13.0) 
16.9 7.12 <.001 1.30 

Equation Balance 
38.1 

(14.3) 

15.3 

(14.3) 
22.8 8.76 <.001 1.60 

Proportional 

Reasoning 

27.4 

(11.0) 

18.9 

(11.0) 
8.5 4.22 <.001 0.77 

Pattern 

Generalization 

33.6 

(12.7) 

18.1 

(12.7) 
15.5 6.68 <.001 1.22 

Functional Thinking 
30.4 

(15.3) 

20.6 

(15.3) 
9.8 3.51 .001 0.64 

Total ART 
32.0 

(11.5) 

18.9 

(11.5) 
13.1 6.24 <.001 1.14 

  

Note. M = mean percentage gain; SD = standard deviation. Effect size interpretation: small >= .20, 

medium >= .50, large >= .80 (Cohen, 1988). Verification: t = d * sqrt(30). For Total ART: t = 1.14 x 5.477 

= 6.24. 
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Effect sizes ranged from d = 0.64 to d = 1.60, all qualifying as medium-to-large by Cohen's (1988) 

conventions. The overall effect (d = 1.14) substantially exceeds Hattie's (2009) benchmark average effect 

size for instructional interventions (d = 0.40), indicating an effect of considerable practical significance. 

The Equation Balance subscale yielded the largest effect (d = 1.60), confirming the particularly strong role 

of conceptual instruction in developing relational equal-sign understanding (Knuth et al., 2006; Alibali et 

al., 2007). An illustrative example demonstrates the difference in performance. Consider the post-test item: 

Solve for x: 2(x + 3) = 5x - 6. The correct solution proceeds by distributing: 2x + 6 = 5x - 6; collecting 

terms: 6 + 6 = 5x - 2x; then 12 = 3x; therefore x = 4. Among POI students, 38% incorrectly omitted the 

distributive step, writing 2x + 3 = 5x - 6, compared to only 13% in the COI group--a pattern that exemplifies 

how procedural instruction without conceptual anchoring leads to systematic rule misapplication. 

Error Frequency Analysis 

Chi-square tests compared error frequencies between COI and POI students on post-test written responses. 

Six error categories were coded from student work. Table 3 presents frequencies, percentages, and chi-

square statistics for each error type. 

Table 3 

Frequency of Error Types in Post-test Responses by Instructional Group 

Error Type COI n (%) POI n (%) chi-sq(1) p 

Variable as label (x = 

"apples") 
12 (20.0%) 31 (51.7%) 13.08 <.001 

Equal sign as 

operational directive 
8 (13.3%) 29 (48.3%) 17.23 <.001 

Sign management 

errors (integers) 
18 (30.0%) 34 (56.7%) 8.69 .003 

Distributive property 

errors 
15 (25.0%) 28 (46.7%) 6.13 .013 

Proportion setup errors 22 (36.7%) 33 (55.0%) 4.06 .044 

Pattern / nth-term 

expression errors 
19 (31.7%) 36 (60.0%) 9.70 .002 
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Note. Counts represent the number of students (out of n = 60 per group) who committed each error type at 

least once on the post-test. Chi-square computed without Yates' continuity correction; all expected cell 

frequencies > 5. df = 1. 

The most striking differences appear in equal-sign misinterpretation (chi-sq(1) = 17.23, p < .001) and 

variable-as-label errors (chi-sq(1) = 13.08, p < .001). These findings directly echo Knuth et al. (2006) and 

Bush and Karp (2013), who identified these error types as among the most persistent and consequential in 

the arithmetic-to-algebra transition. The approximate doubling of these error rates in the POI group 

underscores the inadequacy of procedural instruction for building the conceptual scaffolding that algebra 

demands. Pattern/nth-term errors were also markedly higher in POI (60.0% vs. 31.7%, chi-sq(1) = 9.70, p 

= .002), consistent with findings by Lannin et al. (2006) that students taught explicit rules without 

opportunity to construct generalizations are less equipped to express functional relationships symbolically. 

Sign management errors, while the most common error type across both groups, were still significantly 

more prevalent in POI (56.7% vs. 30.0%), reinforcing the role of conceptual understanding of integer 

structure in reducing operational errors (Booth & Newton, 2012). 

Pearson Correlation Analysis 

Table 4 presents Pearson product-moment correlations among ART post-test subscale scores for the full 

sample (N = 120). The matrix confirms strong internal structure in the instrument and the interdependence 

of algebraic sub-domains. 

Table 4 

Pearson Correlation Matrix for ART Post-test Subscale Scores (N = 120) 

 VC EB PR PG FT 
Total 

ART 

Variable Concepts (VC) -- .74** .68** .71** .63** .87** 

Equation Balance (EB)  -- .66** .73** .61** .85** 

Proportional Reasoning (PR)   -- .78** .71** .88** 
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Pattern Generalization (PG)    -- .76** .89** 

Functional Thinking (FT)     -- .86** 

Total ART      -- 

  

Note. ** p < .01 (two-tailed). VC = Variable Concepts; EB = Equation Balance; PR = Proportional 

Reasoning; PG = Pattern Generalization; FT = Functional Thinking. All subscale-total correlations are 

significant, confirming convergent validity of the ART. 

The strongest inter-subscale correlation was between Proportional Reasoning and Pattern Generalization (r 

= .78), reflecting their shared reliance on functional and covariation reasoning. The weakest inter-subscale 

correlations involved Functional Thinking and the most procedurally accessible subscales--Equation 

Balance (r = .61) and Variable Concepts (r = .63)--suggesting that functional thinking constitutes a 

somewhat more advanced and distinct algebraic competency. All subscale-total correlations fell between r 

= .85 and r = .89, confirming the internal coherence of the ART as a composite algebra readiness measure. 

Qualitative Findings 

Thematic analysis of classroom observation field notes and semi-structured student interviews identified 

three recurring patterns that distinguished COI from POI reasoning. 

Pattern 1: Relational Language in Problem-Solving. COI students consistently used relational language 

when discussing equations and expressions--describing the equal sign as "a balance" or "what makes both 

sides the same." One COI student explained: "If I add something to one side, I have to add the same thing 

to the other side, otherwise it's not balanced anymore." This understanding mirrors the conceptual 

framework identified by Knuth et al. (2006) as predictive of algebraic success. By contrast, POI students 

frequently described the equal sign as "the answer sign," a framing that produced systematic errors in 

equation interpretation and solving. 

Pattern 2: Self-Generated Generalizations. COI students in patterning tasks spontaneously generated 

algebraic generalizations and tested them numerically before articulating them as general rules--consistent 

with the algebraic reasoning process described by Blanton and Kaput (2005). One student working on the 

border tile problem stated: "Every time s goes up by 1, B goes up by 4. So B is always 4 times s... but when 
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s is 1, B is 8, which is 4(1) + 4, so the formula is B = 4s + 4." POI students given similar tasks typically 

relied on guess-and-check or verbal description without symbolic generalization. 

Pattern 3: Metacognitive Error Detection. COI students demonstrated greater metacognitive awareness 

during problem-solving, consistent with Schoenfeld's (1985) framework of expert problem-solving. COI 

students were routinely observed checking solutions by back-substitution into original equations. 

Approximately 68% of COI interviewees identified verification as a habitual step, compared to 22% of POI 

interviewees. This disparity likely contributes to the systematically lower error rates observed in COI post-

test performance and supports the view that conceptual instruction cultivates the self-monitoring habits 

central to algebraic fluency (Star & Stylianides, 2013). 

Conclusion 

This study provides empirical and theoretical support for the proposition that conceptually oriented 

instruction, anchored in mathematical problem-solving, significantly strengthens algebra readiness among 

middle school students. Across all five algebraic domains measured--variable concepts, equation balance, 

proportional reasoning, pattern generalization, and functional thinking--students receiving conceptually 

oriented instruction demonstrated substantially larger gains than peers receiving conventional procedurally 

oriented instruction. The overall effect size (d = 1.14) is large by conventional standards (Cohen, 1988) and 

nearly three times the average instructional effect documented in Hattie's (2009) synthesis of educational 

interventions, indicating both statistical and practical significance. Error analysis reinforces these 

conclusions. Persistent misconceptions about variable interpretation, equal sign meaning, and pattern 

generalization were more than twice as prevalent in the procedurally oriented group, corroborating the long-

documented finding that procedural instruction alone does not address the conceptual barriers inherent in 

the arithmetic-to-algebra transition (Bush & Karp, 2013; Herscovics & Linchevski, 1994). Qualitative data 

enrich these findings by revealing that students in conceptually oriented classrooms develop relational 

mathematical language, self-generated symbolic generalizations, and metacognitive verification habits--

reasoning dispositions that are foundational to algebraic success. 

Several implications follow for mathematics educators and curriculum developers. First, instruction in the 

middle grades must explicitly address the equal sign as a relational symbol, contrasting relational and 

operational interpretations through targeted activities and discourse (Knuth et al., 2006; Alibali et al., 2007). 

Second, patterning and generalization tasks should occupy a central--rather than supplementary--role in the 

pre-algebra curriculum (Blanton & Kaput, 2005; Kaput, 2008). Third, mathematical discourse and 

justification should be embedded in instruction to build the metacognitive habits associated with durable 



 

 

158 

 

problem-solving competence (Schoenfeld, 1985; NCTM, 2014). Fourth, consistent with the 

recommendations of the NMAP (2008) and the Common Core State Standards (CCSSI, 2010), fraction and 

proportional reasoning instruction in Grades 5 and 6 must prioritize conceptual understanding, as these 

domains are proximate precursors of algebraic readiness (Booth & Newton, 2012; Siegler et al., 2012). 

Limitations of this study include its restriction to Grade 7 students in one southeastern school district, which 

constrains generalizability; the eight-week intervention period, which precludes assessment of long-term 

retention; and the researcher-developed nature of the ART, which, despite strong internal consistency, has 

not been independently validated against externally normed algebra assessments. Future research should 

replicate these findings across broader demographic and geographic samples, examine longitudinal effects 

of COI on algebra performance in Grades 8 and 9, and investigate whether targeted error-remediation 

programs can accelerate algebra readiness for students in procedurally oriented instructional environments. 

Preparing middle school students for algebra is not merely a matter of curricular sequencing; it is a matter 

of instructional philosophy. When students are positioned as mathematical sense-makers rather than 

procedure followers, they develop the conceptual understanding and problem-solving capacity that algebra-

-and all subsequent mathematics--demands. 
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